Some inequalities for power series with real coefficients via the de Bruijn inequality are established. Applications for fundamental complex functions such as the exp, cos, sin, cosh, sinh and ln are also given.
Introduction
If we consider an analytic function f (z) defined by the power series ∞ n=0 a n z n with complex coefficients a n and apply the well-known Cauchy-Bunyakovsky-Schwarz (CBS) inequality 
holding for the complex numbers a j , b j , j ∈ {1, . . . , n} , then we can deduce that It is then natural to ask the question as to whether we can obtain better bounds for the magnitude of f if the coefficients are restricted to be real numbers, a case which is of large If we restrict ourselves more and assume that the coefficients in the representation f (z) = ∞ n=0 a n z n are nonnegative, and the assumption incorporates various examples of complex functions that will be indicated in the sequel, on utilising the weighted version of the CBSinequality, namely
where w j ≥ 0, while a j , b j ∈ C, j ∈ {1, . . . , n}, we can state that
for any z, w ∈ C with zw, |z| 2 , |w| 2 ∈ D (0, R). The problem of improving (4) for one of the numbers z or w assumed to be real is then also natural to be considered and the obtained result would give interesting examples of inequalities for real and complex numbers.
Motivated by the above questions and utilising a tool that has been available in the literature since 1960 and is known as the de Bruijn inequality, we establish in this paper some inequalities for functions defined by power series which will improve the above results. Particular examples that are related to some fundamental complex functions such as the exp, cos, sin, cosh, sinh and ln are presented.
General results via the de Bruijn inequality
In an effort to provide a refinement for the celebrated CBS inequality for complex numbers 
Equality holds in ( On utilising this result, we can establish some inequalities for power series as follows: 
Proof First of all, notice that, by de Bruijn's inequality (6) for the choices
. . , n}, we can state the weighted inequality:
Now, on making use of (8) for the partial sums of the function f defined above, we are able to state that:
for any n ≥ 0, a ∈ R, z ∈ C with az, a 2 , |z| 2 , z 2 ∈ D (0, R). Taking the limit as n → ∞ in (9) and noticing that all the involved series are convergent, we deduce the desired inequality (7).
The inequality (7) is a valuable source of particular inequalities for real numbers a and complex numbers z as will be outlined in the following.
(1) If in (7) we choose the function f (z) = ∞ n=0 z n , z ∈ D (0, 1) , then we can state that
for any a ∈ (−1, 1) and z ∈ D (0, 1) . In an equivalent form, (10) can be stated as
for any a ∈ (−1, 1) and z ∈ D (0, 1). A direct proof of (11) is, in our opinion, difficult and we leave as an open problem to the reader to find alternative proofs of (11) without the use of the de Bruijn inequality, which has been used as a key point in obtaining the result (7). (2) The choice of another fundamental power series,
n , will produce via the inequality (7) the following result:
for any a ∈ R and z ∈ C. The choice z = i in (12) generates the following simple and interesting result, for which the authors were not able to find any reference in the literature:
for any a ∈ R. 1 n z n , z ∈ D (0, 1) and apply Theorem 1, then we get the following inequality for logarithms:
for any a ∈ (−1, 1) and z ∈ D (0, 1) .
If in (14) we choose z = ±ib with b ∈ (−1, 1) , then we obtain the simpler result:
for any a, b ∈ (−1, 1). (4) If we utilise the following function as power series representations with nonnegative coefficients:
where is the Gamma function, then we can state the following inequalities:
and
Now, by the help of the power series f (z) = ∞ n=0 a n z n we can naturally construct another power series which will have as coefficients the absolute values of the coefficient of the original series, namely, f A (z) := ∞ n=0 |a n | z n . It is obvious that this new power series will have the same radius of convergence as the original series.
As some natural examples that are useful for applications, we can point out that, if
then the corresponding functions constructed by the use of the absolute values of the coefficients are obviously 
Proof Firstly, observe that for each n ≥ 0, a n = |a n | sgn (a n ) where sgn (x) is the sign function defined to be 1 if x > 0, −1 if x < 0 and 0 if x = 0.
From a different perspective, we can state the following result which establishes a connection between two power series, one having positive coefficients. 
for any z ∈ C with z ∈ D (0, R 1 ) and a, |z| 2 ∈ D (0, R 2 ) .
Proof Utilising the de Bruijn weighted inequality (8) we can state that
b n a n a n z 
for any z ∈ D (0, R).
